The beam-quality factor of an amplified spontaneous emission source based on a Yb-doped, large-mode-area (LMA), multimode fiber was found to be optimized when the gain became saturated. A model using spatially resolved gain and transverse-mode decomposition of the optical field showed that transverse spatial-hole burning (TSHB) was responsible for the observed behavior. A simplified model without TSHB failed to predict the observed behavior of beam quality. A comparison of both models shows TSHB is also critical for properly modeling beam quality in LMA fiber amplifiers.
INTRODUCTION
In recent years fiber lasers and amplifiers have been widely used in high-power applications, such as material processing and industrial manufacturing. Their main advantages are heat-dissipation capability, broad gain bandwidth, compactness, robustness, and high efficiency. The primary limitation in their power scaling is the onset of nonlinear effects, including stimulated Brillouin scattering (SBS) and stimulated Raman scattering (SRS) [1] . This limitation can be significantly mitigated by the adoption of large-mode-area (LMA) fibers due to the resulting reduction in intensity. The damage threshold is also increased for LMA fibers. However, increasing the mode area in traditional step-index fibers will introduce higherorder transverse modes and therefore degrade the beam quality. The optimization of the beam quality in LMA fibers has been a subject of intense research [2] [3] [4] [5] [6] [7] [8] [9] .
Many designs of LMA fibers for high-power applications have been developed for beam-quality control. Design aspects have included internal structure designs such as photonic crystal fibers and helical-core fibers [2] [3] [4] , external structure designs such as coiled multimode fibers [5] , refractive index designs such as lownumerical-aperture (NA), single-mode fibers and ringshaped index fibers [6, 7] , and gain dopant designs in multimode fibers [8, 9] .
However, the impact of transverse spatial-hole burning (TSHB) on beam quality has often been ignored. When a multimode optical beam with nonuniform transverse intensity is propagating in the fiber, the gain becomes more saturated, where the intensity is highest. As the gain seen by each transverse mode changes, the net beam profile, and thus the beam quality, change. At high powers, this effect becomes pronounced due to heavily saturated population inversion. To our knowledge, TSHB in LMA fibers has not yet been modeled.
In this paper, the beam-quality factor is measured for an amplified spontaneous emission (ASE) source based on a Yb-doped double-clad (YDDC) LMA multimode fiber as a function of input pump power. A localized multimode model is presented with spatially resolved gain and a modal decomposition of the optical field. Numerical simulations are performed with this localized multimode model, as well as a simplified model, and compared to experimental results. The comparison validates the localized model and demonstrates the impact of TSHB on beam quality. In Section 2, the experimental setup and the measured results are presented. In Section 3, a localized multimode model is introduced, and the equations to calculate the beam-quality factor are presented. The results of numerical simulations based on this model are compared to experimental results and extrapolated to a higher power in Section 4. In Section 5, the validity of a simplified model that does not include TSHB is discussed. In Section 6, the theoretical models are further applied to fiber amplifiers. The main conclusions are presented in Section 7.
EXPERIMENTAL CONFIGURATION AND RESULTS
The experimental arrangement used for this paper is shown schematically in Fig. 1 . A fiber-coupled diode laser provided continuous-wave (cw) pump power at 976 nm. The YDDC LMA fiber had a length of 6.5 m, a core diameter of 30 m, an inner cladding diameter of 260 m, and a core NA of 0.06. The fiber was coiled at a radius of 9.5 cm for packaging purposes only. While the back end of the fiber is angle cleaved to prevent reflection of the forward ASE, a dichroic mirror was set between an aspheric lens and a compound lens to extract the backward ASE output light. The ASE output power was measured by a power meter, and the beam widths (defined as the second moment) were measured by a charge-coupled device (CCD) camera placed at different distances [10] . Using a least-squares-fitting method [11] , the beam quality factor (M 2 parameter) in the x or y direction was calculated by fitting the beam widths and distances to a polynomial [10] ,
where W͑z͒ is the beam width at distances z, W 0 and z 0 are the respective beam width and distance at the beam waist, where the beam width has a minimum, and is the wavelength. The ASE output power is plotted as a function of input pump power in Fig. 2 . The figure shows that output power increases exponentially and quasi-linearly when the input pump power is below and above ϳ6 W, respectively, which means that the gain becomes saturated at 6 W input pump power. The entire gain is not saturated along the whole fiber, but the gain with high signal (i.e., near the end of the fiber) experiences saturation. We define this "soft" threshold as the pump threshold for saturation. The ASE spectrum at 7 W input pump power is plotted in Fig. 3 .
The beam-quality factor is plotted as a function of input pump power in Fig. 4 . Compared with Fig. 2, Fig. 4 shows that the beam quality improves with input pump power below the pump threshold for saturation and is optimized as the gain medium becomes saturated. To fully understand the physics behind this beam-quality behavior, numerical simulations based on theoretical modeling have been developed.
LOCALIZED MODEL AND BEAM-QUALITY FACTOR CALCULATION METHOD
Since the beam quality is related to the modal properties of the output beam, a model that can treat multiple transverse modes is required. A multimode model has been developed for dealing with multiple spectral modes in single-spatial-mode, rare-earth-doped fibers [12] . In this paper, the model is extended to multi-transverse-spatial modes in multimode fibers for the first time.
The optical power is quantized into the transverse modes of the fiber, while the population inversion retains spatial dependence. In this way, TSHB can be accounted for while retaining the simplicity and transparency of a mode-based picture. A similar treatment has also been developed for modeling vertical-cavity, surface-emitting lasers [13] .
The two-level rate equations are given by dn 2 ͑r,,z͒
͑2͒
n t ͑r,,z͒ = n 1 ͑r,,z͒ + n 2 ͑r,,z͒, ͑3͒
where the mode order k denotes any combination of beam propagation direction (ϩ, Ϫ), wavelength ͑͒, transverse- mode order ͑m͒, and orientation (even, odd); n 1 , n 2 , and n t are ground-level, upper-level, and total Yb ion density, respectively, as a function of time and spatial coordinates; a and e are the absorption and emission cross sections of Yb ions, respectively; is the upper-state lifetime.
P k ͑z͒, the power of the kth mode at position z in the fiber, is the integration of the light-intensity distribution I k ͑r , , z͒ over the radial and azimuthal coordinates:
The normalized modal-intensity distribution i k ͑r , ͒ is defined as
and is determined by the spatial shape of the mode and therefore independent of z. The terms at the right side of Eq. (2) describe the effects of absorption, stimulated emission, and spontaneous emission, respectively. Note that the interference terms are neglected in this model. This assumption is correct for transverse modes of ASE because they do not interfere with each other due to their lack of coherence. For a coherent multimode beam, this model could be modified by adding the interference terms.
In the steady-state case, the time derivative in Eq. (2) is set to zero and the inversion is solved as
The numerator accounts for small signal gain, and the summation in the denominator accounts for TSHB. The propagation equations are given by
where u k = 1 for the modes traveling in the forward direction or u k = −1 in the backward direction, m is the number of polarizations of each mode, ⌬ k is the bandwidth, and ␣ is the fiber-loss term. The terms at the right side of Eq. (7) describe the effects of stimulated emission, spontaneous emission, absorption, and scattering loss, respectively. This model can by readily adapted to account for mode coupling by inserting the term +͚ j ͑ jk P j − kj P k ͒ into Eq. (7), where jk is the coupling coefficient for power transfer from the jth to the kth mode. Specific mode-coupling coefficients are difficult to obtain experimentally and are neglected in this analysis in order to clearly model the impact of TSHB in LMA fibers.
The ASE and pump have different optical properties. The modes of ASE propagate in the fiber in both directions, but the pump propagates only in the forward direction. The bandwidth of ASE is relatively narrow, so the ASE is simplified as a single spectral mode. The pump light is considered to be a single spectral mode with ⌬ k = 0 (no spontaneous emission at the pump wavelength).
Under the weakly guided approximation, the transverse modes of ASE can be represented by linearly polarized (LP) modes [14] . For the LP mode, the normalized optical intensity i m ͑r , ͒ and the normalized electrical field distribution E m ͑r , ͒ can be written as
where and m are the azimuthal and radial mode numbers, respectively, J and K are the Bessel function of the first kind and modified Bessel function of the second kind, respectively, a core is the radius of core, and b is the normalization coefficient of the electrical field.
The transverse attenuation coefficient of the mode in the inner cladding ␥ m and the transverse wave vector m are solutions of the following system of equations [15] :
The V number and NA are defined as
where is the wavelength, and n core and n clad are the refractive indexes in the core and cladding, respectively. The azimuthal component f ͑͒ is equal to 1 for those transverse modes with zero azimuthal mode number, and given by
for the other transverse modes with even or odd orientation.
Since the area of the inner cladding is much larger than the core, the highly multimode pump light can be simplified as one transverse mode effectively being uniformly distributed across the inner cladding and the core, which means the intensity distribution of pump I pump and normalized intensity distribution of pump i pump can be considered independent of radial and azimuthal coordinates. The normalized intensity distribution of the pump in the inner cladding and core is then obtained from Eqs. (4) and (5) by
where a clad is the radius of inner cladding. The output power is the sum of the backward output power contained in each mode and given by
The output-fraction factor ␣ m of LP m mode is defined as
The transverse modes with the same mode numbers but different orientations will have the same fraction factor for ASE due to symmetry.
The beam-quality factor of the optical beam can be calculated given the electrical field distribution [16] . Since the electrical field of ASE is real and symmetric at the output end and without inference, many terms in the equations to calculate the beam-quality factors vanish. The equations can then be simplified as
͑19͒

NUMERICAL SIMULATIONS AND DISCUSSIONS
Initial boundary conditions are needed to solve the propagation Eq. (7) and are specified at z = 0 and z = L as
where P 0 is the forward pump power injected into the fiber and L is the length of the fiber. For ASE sources, the input signal is zero.
The parameters used in the numerical simulation are listed in Table 1 . The emission and absorption cross sections and the bandwidth of ASE ⌬ ASE are calculated based on the spectrum in Fig. 3 [17] .
Given the initial boundary conditions, the propagation Eq. (7) is resolved by standard numerical integration techniques. The ASE output power and the outputfraction factors are obtained by Eqs. (16) and (17) , and then the beam-quality factor is calculated by Eqs. (18) and (19). The ASE output power, the output-fraction factors, and the beam-quality factor as functions of input pump power up to 25 W are calculated and plotted in Figs. 5-7, respectively. Figure 5 shows that the output power and the pump threshold for saturation from the simulation are close to those from the experiment. Figure 6 shows that all the transverse modes have nearly the same output-fraction factors at very low input pump power. The output-fraction factors of lower-order modes (LP 01 and LP 11 in this case) increase with pump power, while those of higher-order modes (LP 01 , LP 11 , and LP 31 in this case) decrease. Most importantly, the lower-order modes maximize near the pump threshold for saturation, while the higher-order modes minimize. From Eqs. (18) and (19), it is obvious that the outputfraction factors determine the beam-quality factor, since the beam-quality factor of each LP transverse mode is fixed. Generally speaking, lower-order modes have a smaller beam-quality factor, while the higher-order modes have a larger beam-quality factor [16] . So the beam-quality factor decreases, minimizes, and increases when the output fractions of lower-order modes increase, maximize, and decrease, respectively. This behavior is manifested in Fig. 7 , which shows that the beam-quality factor minimizes near the pump threshold for saturation, which agrees with the experimental results. The behavior of the beam-quality factor follows directly from the behavior of output-fraction factors as shown in Fig. 7 . The output-fraction factors, and thus the beam-quality factor, are determined by how much gain is experienced by each transverse mode, which depends on the overlap of mode field distribution and population inversion distribution.
The upper-level dopant distribution across the injection fiber end for various input pump power is plotted in Fig.  8 . When 5 W input pump power is below the pump threshold for saturation, the population inversion is nearly uniform across the core, so the modal gain is nearly proportional to the fraction of the mode in the core. Since the fields of lower-order modes are more confined in the core, the lower-order modes have a larger gain than the higher-order modes, as shown in Table 2 . In this small-signal regime, the power in the modes with a larger gain increases faster than in the modes with smaller gain. Therefore, the output-fraction factors of lower-order modes increase and the beam quality improves.
Above the pump threshold for saturation, TSHB is shown in the upper-level dopant distribution with 7 and 15 W input pump power in Fig. 8 , where the gain profile is much more saturated in the center of the core than on the edge. Since lower-order modes are more concentrated in the center of the core, the gain of lower-order modes decreases relative to the gain of higher-order modes. In the saturation region, the faster the gain in the modes decreases, the slower the power in the modes increases. So under the impact of TSHB the output-fraction factors of lower-order modes decrease and the beam quality degrades.
VALIDITY OF A SIMPLIFIED MODEL
The rate and propagation equations are often simplified by replacing transverse space integrals with overlap integrals, especially in single-mode fibers [18] . The validity of such simplification in multimode fibers is discussed below.
The rate equations of such a simplified model are given by
where n 1 and n 2 represent average ground-level and upper-level Yb ion densities across the fiber cross section, respectively, A is the area of the core cross section, and ⌫ k is the overlap integral between the mode and dopants. The overlap integral of ASE modes is given by
If the dopant is distributing uniformly in the fiber core, ⌫ m depends only on the mode field and can be simplified as
The overlap integral of the pump is given by
In the steady-state case, n 2 is solved as
Since the upper-level dopant distribution depends only on the longitudinal coordinate z and is independent of radial and azimuthal coordinates, TSHB is not included in the simplified model. The saturation effect is included as an averaged level across the core. The simplified propagation equation is given by
Given the same initial boundary conditions as Eq. (20), the propagation Eq. (27) is resolved. The output power as a function of the input pump power is the same in the simplified model as the localized model. However, the modal properties are significantly different. The outputfraction factors and beam-quality factor as functions of input pump power up to 25 W in the simplified model compared to the localized model are shown in Figs. 9 and 10. Figure 9 shows that the output-fraction factors in the simplified model are the same as those in the localized model when the input pump power is below the pump threshold for saturation. However, the output-fraction factor of lower-order modes in the simplified model keeps increasing more slowly beyond the pump threshold for saturation. Similarly, Fig. 10 shows that the beam-quality factor in the simplified model is the same as that in the localized model at input pump power below pump threshold for saturation. However, above the pump threshold for saturation, the beam-quality factor in the simplified model keeps decreasing more slowly.
The behaviors of output-fraction factors and beamquality factors are consistent and can be explained as follows: in the simplified model, the gain seen by each transverse mode is always proportional to the fraction of the mode in the core, so the simplified model gives the same simulation results as the localized model below the pump threshold of saturation. Above the pump threshold for saturation, the gain of each mode decreases at the same rate, so the power in each mode increases nearly at the same rate. Therefore, the output-fraction factor of each mode approaches constant, as does the beam-quality factor, at very high input pump power. The failure to show the minimum of the beam-quality factor near pump threshold for saturation proves that the simplified model is not valid, and TSHB is required to model LMA multimode fibers when dealing with beam quality. Fig. 9 . Output-fraction factors of LP fiber modes versus input pump power from the localized (solid) and simplified (dashed) models. The dashed vertical line is the pump threshold for saturation. Fig. 10 . Beam-quality factor versus input pump power from localized (solid) and simplified (dashed) models. The dashed vertical line is the pump threshold for saturation.
FIBER AMPLIFIERS
Fiber amplifiers are more important than ASE sources in high-power applications of LMA fibers. As mentioned in Section 3, the localized model assumed no interference, which is true for an optical beam from incoherent sources such as ASE but not for coherent sources such as fiber amplifiers. The calculations that follow include these interference terms.
For the purpose of simplicity, we assume the input beam is linearly polarized, only the LP 01 and LP 11 modes are coupled into the fiber amplifier, and the power contained in the LP 11 mode is evenly distributed in the two orientations. The initial boundary conditions are changed to
where P s is the total signal power, and is the inputfraction factor of LP 01 mode. The normalized electrical field distribution of the output beam can be written as
where the propagation coefficient ␤ m is given by [15] ␤ m
In this form, modal dispersion is included. No initial phase difference is considered between the modes, since the two modes are assumed to be excited by a single-mode input beam (for example, by misalignment). The beamquality factors are calculated directly from [17] without simplification used to obtain Eqs. (18) and (19).
The new parameters used in the simulation and those that differ from Table 1 are listed in Table 3 ; s is the wavelength of the signal, as and es are the absorption and emission cross sections of the signal, ⌬ ASE is set to be the same as the bandwidth of the signal, and P 0 is set far above the pump threshold for saturation, which is true in most high-power applications. The calculations show that the output power is nearly the same in both models and does not change as the input-fraction factor. For both models, the output-fraction factor of the fundamental mode and the beam-quality factor are calculated as a function of the input-fraction factor of the LP 01 mode from 0.4 to 1 (shown in Figs. 11 and 12) . Figure 11 shows that the output-fraction factor of the fundamental mode in the localized model is smaller than the corresponding input-fraction factor, while the outputfraction factor of the fundamental mode in the simplified model is larger. These behaviors can be explained as follows. The input pump power used in the simulations is well above pump threshold for saturation. In the localized model, the gain of the fundamental mode is less than that of the LP 11 mode due to the effect of TSHB. Therefore, the fundamental mode is amplified less than the LP 11 mode, leading to a smaller output-fraction factor of the fundamental mode. However, in the simplified model, TSHB is ignored and the gain of the fundamental mode is always larger than that of the LP 11 mode. In this case, the fundamental mode is always amplified more than the LP 11 mode, leading to a larger output-fraction factor of the fundamental mode. Figure 12 shows that the beam-quality factor in the simplified model is significantly underestimated compared to the localized model due to underestimation of the output-fraction factor of the fundamental mode. This dif- Fig. 11 . Output-fraction factors of the fundamental mode versus input-fraction factors of the fundamental mode from localized (solid) and simplified (dashed) models. ference underscores the importance of TSHB on beam quality in LMA fiber amplifiers for high-power applications.
CONCLUSIONS
In conclusion, the importance of TSHB on the beam quality of LMA multimode fibers was revealed through experiments and simulations. The measured beam-quality factor decreases until the gain becomes saturated in an ASE source based on a Yb-doped, LMA, multimode fiber. At saturation, the beam-quality factor reaches a minimum, beyond which it increases again. Numerical simulation trends based on a model using spatially resolved gain and transverse-mode decomposition of the optical field agree with the experimental results. A simplified model without TSHB is shown as unfit to predict the observed behavior of beam quality in LMA fibers, especially at high powers.
A comparison of both models shows that TSHB is also critical for properly modeling beam quality in LMA fiber amplifiers.
